The buckling of rotationally restrained microbars embedded in an elastic matrix is studied within the framework of strain gradient elasticity theory. The elastic matrix is modeled in this study as Winkler's oneparameter elastic matrix. Fourier sine series with a Fourier coefficient is used for describing the deflection of the microbar. An eigenvalue problem is obtained for buckling modes with the aid of implementing Stokes' transformation to force boundary conditions. This mathematical model bridges the gap between rigid and the restrained boundary conditions. The influences of rotational restraints, small scale parameter and surrounding elastic matrix on the critical buckling load are discussed and compared with those available in the literature. It is concluded from analytical results that the critical buckling load of microbar is dependent upon rotational restraints, surrounding elastic matrix and the material scale parameter. Similarly, the dependencies of the critical buckling load on material scale parameter, surrounding elastic medium and rotational restraints are significant.
Introduction
Microbars have been used in NEMS and MEMS (nano, micro electro-mechanical systems). The typical dimensions of microbars are on the order of sub-microns and microns. It is shown in some theoretical and experimental researches that the machines and the structures become stiffer in micro sizes [1] [2] [3] . It is experimentally shown by Lam et al. [2] in bending test of epoxy microbars that the rigidity of bending stiffness increases about 2.4 times as the vertical thickness of the microbars reduces from 115 to 20 micrometer.
The classical beam theories known as Timoshenko, Euler Bernoulli, Reddy Bickford, which is commonly utilized for studying the buckling, bending, vibration response of beams, does not take account the small size effect. Consequently, these theories leads to less accurate results for smaller values of the material scale parameter to length ratio. The experimental and theoretical results show that classical continuum mechanic theories do not have the ability to predict the small size dependent deformation behavior of micro-sized structures and machines. In order to investigate the micro mechanical response of small sized-structures and machines, several higher order elasticity theories have been proposed such as micropolar theory by Eringen [4] , couple stress theory in Ref. [5] [6] [7] , strain gradient theories in [8, 9] and nonlocal elasticity theory in [10, 11] .
According to Eringen's elasticity model, stresses at a point are a function not only of the strains at this point. In the nonlocal elasticity theory proposed by Eringen stresses are also a function of the strains at all points in the domain [11] . This higher order continuum theory is applied for modeling mechanical behaviors of nanobeams, microtubules and carbon nanotubes [12] [13] [14] . Reddy and Pang [15] have recently proposed the Euler-Bernoulli and Timoshenko beam theories using the constitutive equations of Eringen [11] . Some of researchers have examined the static bending behaviours of single walled, double and multiwalled carbon nanotubes like [16] , [17] and [18] . Pradhan and Murmu [19] have investigated a single nonlocal beam model to determine the dynamic and static characteristics of a nanocantilever beam. Free vibration behavior of carbon nanotubes embedded in an elastic matrix has been explored by some researchers like [20, 21] . Free axial vibration of the nanorods has been investigated by Aydogdu [26] . Dynamic behavior of carbon nanotubes have been studied by some researchers like [22] [23] [24] [25] . The small size effects on free vibrations of heterojunction single walled carbon nanotubes based on the non-classical and classical beam theories have been studied by Filiz and Aydogdu [27] .
Yang et al. [28] have presented a theory known as the modified couple stress theory in which only one length scale parameter is included. In this theory strain energy density includes symmetric rotation gradient tensors besides symmetric strain tensor. Thereafter, these higher order elasticity theories (nonlocal elasticity, strain gradient elasticity and modified couple stress theories) have been widely used to applied the dynamic. static, and buckling analysis of bars and microbars [29] [30] [31] [32] [33] [34] [35] [36] [37] .
In this study, elastic buckling behavior of size dependent micro-sized beams resting on Winkler type elastic foundation under various types of supporting conditions is explored based on a strain gradient elasticity theory for the first time. It is assumed that the microbeam is simply supported with rotational restraints at the ends. Implementing Stokes' transformation to deformable boundary conditions, a coefficient matrix is obtained and the eigenvalues of this matrix give the buckling loads. Numerical results include comparison with previously published papers are presented for the critical buckling loads which fully demonstrates the accuracy and reliability of the present method. In addition, eigen value results computed analytically are presented to figure out the effects of length scale parameter, rotational restraints and Winkler's parameter on the elastic stability characteristics of the microbar.
Problem definition and modeling
Consider a simple supported microbar embedded in an elastic matrix with rotational restraints. The microbar is subjected to an in-plane axial load P as shown in Figure  1 . The aim of the present study is to investigate small size effects on the stability analysis of microbar embedded in an Winkler type elastic matrix. To accomplish this, strain gradient elasticity theory which known as a higher order elasticity theory proposed by Papargyri-Beskou et al. [38] is used in this study. According to gradient elasticity theory, the sixth order governing differential equation of a microbar embedded in an Winkler type elastic matrix is given by [38] 
It is not necessary that the Fourier sine series satisfies rotational restraint boundary conditions, as Stokes' Transformation will be used to match the appropriate boundary conditions. It is noted that the two boundary points, z = 0 and z = L, have been excluded in equation (4). Eq. (2) and (3) gives us freedom to choose the displacement function. First derivative of Eq. (4) yields
ψ ′ (z) can be written by a Fourier cosine series
The coefficients (b 0 , b j ) in Eq. (7) are given by
by applying integration by parts
This algorithmic mathematical procedure is known as Stokes' transformation. The sixth derivatives of lateral displacement function (ψ(z)) can be obtained as follows:
By using the above procedure and substituting Eqs. (4), (13), (15) and (17) into Eq. (1), the Fourier coefficients A j will be found as follows:
In a more general form, the displacement function of a microbeam embedded in an elastic medium having free free ends becomes
It is interesting to note that the equation (25) is degenerated to that of the classical equation wherein the length scale parameter is taken as zero.
Solution procedure
A microbar of length L and with rotational restraints at the ends is considered as in Figure 1 . It is then seen that the following force boundary conditions can be written by using strain gradient elasticity [38] :
where Ω 0 and Ω L express the stiffnesses of the rotational restraints at the ends. Moreover, the higher order boundary conditions are also taken as,
It is worthy to note that the simply supported boundary conditions are assumed, and therefore, the lateral deflections at the ends (ψ 0 , ψ L ) are zero, but the higher order moments (EIψ (26) and (27) . After some mathematical manipulations, the substitution of Eq. (12) and (19) into Eqs. (26) , (27) leads to the two homogeneous equations
where
and the following non-dimensional quantities are defined
whereΩ 0 andΩ L are the dimensionless stiffnesses of rotational restraints at the ends. K denotes the elastic medium parameter andP b is the buckling parameter. β denotes the material scale parameter. Introducing higher order moments at the ends µ 
It is worthy to note that if Ω 0 and Ω L approach zero, these supports degenerate to pinned pinned boundary conditions, while if Ω 0 and Ω L approach ∞ (infinity), these boundary conditions degenerate to clampedclamped ends. Eqs (38) , (39) can be shown in a matrix form to be solved for the constants (µ
Eq. (40) defines a standard eigenvalue problem. The buckling loads can be calculated as follows.
Then, the roots of characteristic equation will gives the buckling loads by assigning the different values of Ω 0 and Ω L . It can be seen that this method gives more flexibility in boundary conditions, the characteristic equation for a microbeam with any kinds of boundary conditions (simply supported, clamped-clamped, clamped-pinned, rotationally restrained ends) will be conveniently obtained from a second (2 × 2) order determinant. It is not necessary to change lateral displacement function for each change in supporting conditions. The main objective of this paper is to propose a general analytical method for the buckling analysis of microbars with different boundary conditions.
Numerical results and discussion

Convergence for rigid boundary conditions
In this subsection, for the purpose of validation, the present analytical formulation is used to calculate the buckling loads of a microbar where the Winkler elastic matrix parameter is taken as zero. The small scale parameter is taken as β = 0, for simply supported boundary conditions. It can be observed from the Table 1 that when the values of elastic springs are almost zero the analytical results in this study are exactly match with those reported in [39] (see Table 1 ).
In the second validation study, elastic spring parameters are taken as (Ω 0 = Ω L = 1 × 10 +10 ) for a microbar with fixed-fixed ends and results are tabulated in Table 2 . By letting (Ω 0 = 1 × 10 −10 and Ω L = 1 × 10 +10 ), Eq. (45) may be used for the fixed-pinned microbar. According to these Tables 2 and 3 , present eigenvalue solution is convergent (see Ref. [39] ). From these tables it can be concluded that 160 terms of series are sufficient to compute the accurate results. Table 1 : Validation study for a simple supported microbar using strain gradient elasticity theory. Table 2 : Validation study for a clamped-pinned microbar using strain gradient elasticity theory. Table 3 : Validation study for a clamped-clamped microbar using strain gradient elasticity theory. 
S-S microbeam
Ω 0 = Ω L = 0 β
C-P microbeam
Ω 0 = 1 × 10 −9 , Ω L = 1C-C microbeam Ω 0 = Ω L = 1
Effects of deformable boundary conditions
Comparison of the buckling loads of restrained microbar is given in Table 4 . It can be seen from Table 4 that both elastic stiffness and the critical buckling load increase with the increase of the rotational restraint and elastic medium parameters. In order to more clarify the convergence of the buckling loadsP b , the numerical results for different small scale parameter and elastic medium parameter are listed in Table 5 . The rotational spring parameters Ω 0 = Ω L = 10 are taken in the mathematical computation. Table 5 indicates that the elastic matrix parameter K has an important influence on the critical buckling loads. It can be seen that the increasing rates of the length scale parameter become faster by increasing in the critical buckling loads.
To investigate the effects of the rotational spring coefficients on the critical buckling parameters, variation of normalized critical buckling parameters with elastic matrix coefficients (K) values are schematically drawn in Figures 2, 3 and 4 for various values of small scale coefficients. Based on the present results in Figures 2-4 , the increasing value of the rotational restraint coefficients leads to an increase in the value of buckling load parameter. As expected, the stiffening effect of rotational restraints is to increase the buckling load parameter. It is also seen that the increasing value of length scale parameter (β) leads to an increase the critical buckling load. The most important observations are as follows. The differences between the gradient elasticity theory and those of the classical elasticity theory increase, as the small scale parameter increases, especially for the higher rotational spring parameters. As expected, hard rotational springs are more sensitive to small scale effects (see Figures 5) .
The effect of the elastic medium parameter on the elastic stability characteristics of the microbeam is also demonstrated in Figures 6 . The decreasing value of material scale coefficient leads to an decrease in the magnitude of buckling load. It is also noticed from the Figures 6. that the decreasing value of the elastic matrix parameter decreases the stiffness of the microbar. 
Effects of small scale parameter
To illustrate the effect of length scale parameter on buckling responses of microbar, Figure 7 plots schematically the buckling loads with respect to material length scale parameter for a elastically restrained microbeam with equal elastic medium parameter Ω 0 = Ω L = 10. The decreasing value of the rotational restraints leads to a decrease in the magnitude of buckling load. It can be also seen that the size effects are more pronounced for larger elastic matrix values K when compared with small ones.
Conclusion
On the basis of the strain gradient elasticity theory, a useful mathematical approach is proposed for computing the critical buckling loads of restrained microbars embedded in an elastic matrix. The displacement function in the lateral direction is sought as the superposition of Stokes' transformation and a Fourier sine series that is used to take care of the rotational restraints at the ends. Using the coefficient matrix obtained in present study, the critical buckling parameters of a embedded microbeam with rotationally restrained boundary conditions can be easily computed. The results obtained from published pa-pers are used to validate the proposed method which fully demonstrates the reliability and accuracy of the proposed method. The validity of present method is established for simple supported, clamped-clamped and clamped pinned boundary conditions. Different deformable boundary conditions are considered and solved in same numerical examples. It is indicated that critical buckling loads of microbars are affected by various parameters such as small scale parameter, elastic matrix constant and rotational restraints. It is found that the presence of small size enhances the rigidity of the microbar and increases the critical buckling parameter of microbars. It can be also said that the size effects are more pronounced for higher values of length scale parameter when compared with small ones. With the increasing of boundary constraints, the critical buckling loads of microbars become larger.
